The power spectrum of the X-ray fluctuations of accreting black holes often consists of two broad humps. We quantitatively investigate the hypothesis that the lower frequency hump originates from variability in a truncated thin accretion disc, propagating into a large scale-height inner hot flow which, in turn, itself is the origin of the higher frequency hump. We extend the propagating mass accretion rate fluctuations model PROPFLUC to accommodate double hump power spectra in this way. Furthermore, we extend the model to predict the cross-spectrum between two energy bands in addition to their power spectra, allowing us to constrain the model using the observed time lags, which in the model result from both propagation of fluctuations from the disc to the hot flow, and inside the hot flow. We jointly fit soft and hard power spectrum, and the cross-spectrum between the two bands using this model for 5 Swift X-ray Telescope observations of MAXI J1659-152. The new double hump model provides a better fit to the data than the old single hump model for most of our observations. The data show only a small phase lag associated with the low frequency hump. We demonstrate quantitatively that this is consistent with the model. We compare the truncation radius measured from our fits with that measured purely by spectral fitting and find agreement within a factor of two. This analysis encompasses the first joint fits of stellar-mass black hole cross-spectra and power spectra with a single self-consistent physical model.
INTRODUCTION
Transient black hole X-ray binaries (BHBs) evolve in very characteristic ways during their outbursts (e.g. Belloni et al. 2005; Remillard & McClintock 2006; Belloni 2010; Gilfanov 2010) . A typical BHB outburst passes through a number of different states, each state being defined by particular spectral and timing properties of the source. At the beginning of the outburst, the source is in the low-hard state (LHS): it shows high aperiodic variability (rms > 30%) and its energy spectrum is dominated by a hard power law component (photon index Γ ≈ 1.7). As the source luminosity increases, the source moves towards the high-soft state (HSS): the aperiodic variability drops off (rms ≈ 3%), the power law softens (Γ ≈ 2.4), and the spectrum becomes dominated by a multi-colour blackbody component peaking in soft X-rays (≈ 1 keV). At the end of the outburst, the source hardens again, turning back in the LHS. Looking at the power spectrum of the source during the outburst, it is possible to identify several different components representing rapid variability on time scales between ≈ 0.01 and ≈ 100 s, which have different characteristics for each state. In particular, the LHS is usually characterized by the presence of a quasi periodic oscillation (QPO) superimposed on broad band continuum noise. During the evolution of the outburst, all the characteristic frequencies of the power spectral components correlate with hardness (e.g. Wijnands & van der Klis 1998; Psaltis, Belloni & van der Klis 1999; Homan et al. 2001) . The initial transition between LHS and HSS usually takes place through intermediate states with spectral and timing properties in between those of LHS and HSS. For example, after the LHS, the source can enter the hard-intermediate state (HIMS) where its spectrum is characterized by the presence of both a disc and a power law component, the aperiodic variability decreases to rms ≈ 10-20%, and the QPO superimposed on the broad band noise is still present. The transition between LHS and HSS can be explained considering two different emitting regions in the accreting flow interacting with each other: an optically thick disc producing the blackbody emission (Shakura & Sunyaev 1973) , and an optically thin Comptonizing region producing the power law (Thorne & Price 1975; Sunyaev & Truemper 1979) . The latter is often referred to as corona (e.g. Melia & Misra 1993; Svensson & Zdziarski 1994; Churazov, Gilfanov & Revnivtsev 2001) or flow depending on whether the region is vertically or radially separated from the disc respectively.
In particular, the truncated disc model (e.g. Esin, McClintock & Narayan 1997; Done, Gierliński & Kubota 2007) considers an optically thick geometrically thin accretion disc truncated at a certain radius ro and an optically thin geometrically thick hot flow extending from ro down to a radius equal or larger than the innermost stable circular orbit (ISCO) . At the beginning of the outburst, the truncation radius is still relatively far from the black hole (BH) and the energy spectrum is dominated by the power law component. When the mass accretion rate increases, the truncation radius approaches the BH and the energy spectrum becomes dominated by the blackbody emission. Disc photons up-scatter in the hot flow cooling it down and, as a consequence, the power law softens. Although the spectral properties of BHBs can be explained considering this two-regime accreting configuration (even though the precise way in which the disc and hot flow interact with each other is not clear), the origin of the fast variability is not fully understood, and a single model explaining both spectral and timing properties is a still matter of debate. The recently proposed model PROPFLUC (Ingram & Done 2011 , 2012 Ingram & van der Klis 2013, hereafter IK13 ) is based on the truncated disc model described above. Additionally, PROPFLUC contains the ingredients of mass accretion rate fluctuations propagating through the hot flow, and precession of the entire hot flow caused by frame dragging close to the BH. Mass accretion rate fluctuations are generated at every radius of the hot flow and propagate towards the BH giving rise to a broad band noise component in the power spectrum (single hump power spectrum). The characteristic time scale of the noise is set by the viscous time scale in the hot flow (e.g. Lyubarskii 1997; Churazov, Gilfanov & Revnivtsev 2001; Arevalo & Uttley 2006) . As a consequence of the propagation of the fluctuations, the time variability of the emission from every ring of the flow is correlated (with a time delay). Because the mass accretion rate fluctuations at larger radii, after propagating inward, modulate the amplitude of the fluctuations at smaller radii by multiplication, the process gives rise to the linear rms-flux relation observed in BHBs (Uttley & McHardy 2001; Uttley, McHardy & Vaughan 2005) . Meanwhile, the Lense-Thirring (LT) precession of the entire hot flow (Stella & Vietri 1998; Fragile et al. 2007; ID11) produces the QPO at a frequency depending on the mass distribution in the hot flow and on its radial dimension. Rapisarda et al. (2014) (hereafter RIK14) presented the first application of PROPFLUC to study the BH candidate MAXI J1543-564. They fitted selected power spectra of the rising phase of the 2011 outburst of the source with the single hump power spectrum calculated by PROPFLUC and traced the evolution of the physical parameters in these observations. The PROPFLUC version used in RIK14 produces a single hump power spectrum originating from mass accretion rate fluctuations arising only in the hot flow. However, timing analysis of BHBs shows that their power spectrum in the LHS/HIMS is often characterized by a more complex structure than a single hump (e.g Belloni et al. 1997; Homan et al. 2001; Kalamkar et al. 2015a) , requiring two or three broad Lorentzians to be fitted (low, mid, and high frequency Lorentzian). Additionally, BHBs often show time lags between different energy bands associated with this broad band variability (e.g., Miyamoto et al. 1988; Nowak, Wilms & Dove 1999a) . The delay between emission in different energy bands depends on the geometry of the accreting system and can be used to constrain different accretion models (e.g. Combining spectral and timing analysis it is possible to obtain clues about the origin of the different power spectral components. In particular, Wilkinson & Uttley (2009) , on the basis of measurements of variability amplitudes of X-ray spectral components, suggested that low frequency noise is the result of intrinsic variability generated in the disc and propagating through the flow. By its very nature, propagation also predicts time lags between soft and hard energy bands, but up to now these two aspects of the propagation hypothesis have never been jointly considered in a quantitative analysis. As pointed out in IK13, with the model PROPFLUC we can simultaneously predict these time lags, the variability amplitudes, and the coherence between energy bands by calculating power spectra at different energies, and cross-spectra between those energies. These predictions can then jointly be fitted to observed power and crossspectra. The model can also be adapted to simulate extra disc variability and produce a two-hump power spectrum by considering mass accretion rate fluctuations generated both in the disc and in the flow, all propagating towards the BH. Fits to cross-and power spectra of BHBs in the LHS/HIMS characterized by a two-hump profile can then be attempted using observations spanning the low energy range where the disc emission is concentrated.
In this paper, we analyze data from MAXI J1659-152, a BH discovered in 2010 (Mangano et al. 2010; Negoro et al. 2010) . During its 2010 outburst, MAXI J1659-152 followed the usual behavior observed in BHB outbursts (Muñoz-Darias et al. 2011) . Previous timing analysis of the source using the Rossi X-ray Timing Explorer (RXTE; Jahoda et al. 1996) and Swift (Gehrels et al. 2004 ) observations (Kalamkar et al. 2011; Kalamkar et al. 2015a) , showed that its power spectra in the HIMS are characterized by several broad band components with characteristic frequencies between ≈ 0.001 and ≈ 5 Hz. We explore the hypothesis put forward by Kalamkar et al. (2015a) that some of this enhanced low frequency variability originates in the disc by performing joint fits of the power and cross-spectra of MAXI J1659-152 in the HIMS using Swift XRT data in two different energy bands (0.5 -2.0 keV and 2.0 -10.0 keV). The Swift XRT data allow us to study the source from the beginning of the outburst (RXTE started observing the source 3 days later) in an energy range where the disc emission is significant. Sec. 2 is dedicated to the description of the new two-hump version of PROPFLUC, Sec. 3 briefly describes how we reduced and analyzed the data, and in Sec. 4 and Sec. 5 we present and discuss the results of our fits, respectively. By a strictly quantitative analysis, we find, perhaps counterintuitively, that the small lag observed in the broadband noise between these two energy bands is entirely consistent with mass accretion rate fluctuations in the disc propagating to the hot flow.
THE NEW PROPFLUC MODEL
PROPFLUC (ID11, ID12, IK13) is a model assuming a truncated disc/hot flow geometry, with mass accretion rate fluctuations propagating through a precessing hot flow. Here, we introduce two extra features to the model: 1) we consider that variability can also be generated in the disc, which then propagates to the hot flow on a viscous infall time; 2) we improve the model so that it is now possible to simultaneously fit power spectra in two different energy bands, and the complex cross-spectrum between these two bands. The cross-spectrum contains information on the power in each of these bands, the phase lags between the bands, and also the coherence between the bands. In order to fit the cross-spectrum, we introduce a formalism to include arbitrary QPO phase lags, which allows us to concentrate on physical modeling of the broad band noise (see Appendix B).
Propagating fluctuations and disc variability
The accreting region producing the variability extends from an inner radius ri equal or larger than the innermost stable circular orbit (rISCO) up to a radius r d much smaller than the outer edge of the disc (in this paper we use the convention that lowercase r corresponds to radial coordinate scaled by gravitational radius: r = R/Rg, where Rg = GM/c 2 ). The truncation radius ro is in between ri and r d , dividing the region into hot flow (ri < r < ro) and varying disc (ro < r < r d , hereafter just "disc"). The geometry of the accreting region (r d > ro > ri) is sketched in Fig.  1 : red and blue horizontal thick lines indicate disc and hot flow respectively. From the computational point of view, the hot flow is split into rings that are equally logarithmically spaced, so that dr/r = constant for each ring, where r and dr are radial coordinate and thickness of the ring respectively. The power spectrum of mass accretion rate fluctuations generated in each ring of the hot flow is a zero-centered Lorentzian with the width set by the local viscous frequency ν v,f low (r) and having amplitude σ
2 , where the model parameters Fvar and N dec are the fractional variability produced per radial decade and the number of rings per radial decade, respectively. The right part of Fig. 1 (r < ro = 60) shows the dependence of viscous frequency (green solid line) and σ0 (purple dashed line) on radius in the hot flow. Whereas the variability amplitude is assumed to be constant within the hot flow, the viscous frequency in there is described by a smoothly broken power-law (see Eq. 2 and 3 in ID12). This derives from our assumption that the surface density in the hot flow is characterized by a smoothly broken power-law, since, from mass conservation, the viscous frequency in every ring is inversely proportional to the average surface density (Frank, King, & Raine 2002) . The power spectrum of the emission produced by mass accretion rate fluctuations generated in each ring and propagating through the hot flow towards the BH, is a broad band component (single "hump" power spectrum) with approximately constant rms (i.e. power P (ν) ∝ 1/ν) between low and high frequency breaks, where the low frequency break is the viscous frequency at the outer edge of the hot flow ν v,f low (ro) and the high frequency break depends on the highest frequency produced in the hot flow, but it is also influenced by coherent addition of the variability emitted from different regions of the hot flow. The disc is also split into rings that are equally logarithmically spaced, and the number of rings per radial decade, i.e. the model radial resolution, is the same as in the hot flow (N dec,f low = N dec,disc = N dec ). The power spectrum of mass accretion rate fluctuations generated in each ring within the disc region is also characterized by a zero-centered Lorentzian with width set by the local viscous frequency. The left part of the plot in Fig. 1 (ro = 60 < r < r d = 160) shows the dependence of viscous frequency (green solid line) and variability amplitude (purple dashed line) on radius for the disc. The variability amplitude is assumed to peak at the inner edge of the disc, ro, and drop off outside of this with a Gaussian dependence on radius. The peak and the width of this Gaussian, σ0Nvar and ∆d, respectively, are both model parameters. We set r d = ro + 5∆d, since to a very good approximation there is no variability outside this radius. For the disc we assume the viscous frequency profile of a Shakura-Sunyaev disc with constant Variability produced (purple dashed line) and viscous frequency (green solid line) versus radial coordinate r for the entire mass accretion rate fluctuations propagating region (disc + hot flow). Blue and red horizontal lines indicate the hot flow and the disc respectively, the grey horizontal line (r > 160) corresponds to the disc region that does not contribute to the variability. Both viscous frequency and amount of variability produced by every ring, are discontinuous at the truncation radius ro (star symbols).
viscosity parameter and scale-height (Shakura & Sunyaev 1973) :
where the viscous frequency at the inner edge of the disc, ν d,max ≡ ν v,disc (ro), is a model parameter. Mass accretion rate fluctuations generated in every ring, from ri to r d , propagate towards the BH on a viscous infall time. We see that the model allows for a discontinuity in the viscous frequency at the truncation radius as the accretion flow transitions from disc to hot flow (see Fig. 1 , star symbols). It is this jump in frequency that results in two humps in the predicted power spectrum, with the lower frequency hump contributed by the disc (since the viscous frequency is lower here) and the higher frequency hump contributed by the hot flow. As with previous versions of the model, we assume that the count rate observed in a given energy band can be represented as a linear combination of the mass accretion rate in each ring. The count rate in a "hard band", f h (t), is given by:
where N is the total number of rings between ri and r d (i.e. N is the number of rings in the hot flow plus the number of rings in the disc), the emissivity function h(rj) is the mean count rate observed from the j th ring in this energy band, andṁ(rj, t) represents the varying mass accretion rate in the j th ring. If we know (or, rather, make an assumption for) the mean spectrum emitted from each ring and the detector response, we can directly calculate h(rj ) from the counts spectrum of the j th ring. For the flow, in the absence of a standard model for the spectrum as a function of radius, we simply parameterize h(rj) as a power-law function of r with an inner boundary condition given by the surface density profile (see Appendix A and ID12) . For the disc, in contrast, we do have a standard model: a blackbody with temperature ∝ r −3/4 and luminosity ∝ r −3 (Shakura & Sunyaev 1973) . To calculate each h(rj) for the disc, we start with the blackbody spectrum from radius rj (see Fig. 3 ), convolve it with the telescope response, and integrate over the energy range of in-terest (see Appendix A for details). For both the disc and hot flow, we expect the spectrum to be harder for smaller r, which translates to a hard band emissivity function h(rj) being a steeper function of r (i.e. more centrally peaked) than a soft band emissivity function s(rj). We note that our assumption of linearity relies on variability in disc temperature, T (r, t), being much smaller than the variability inṁ(r, t). This is a good assumption, since T ∝ṁ 1/4 . The maximum temperature reached by the disc (at ro since we do not employ the zero-torque boundary condition -see Appendix A), T d,max , is a model parameter. We also need to parameterize the normalization of the disc spectrum. The absolute normalization is not of interest to us, but the fraction of the total photons observed in a given band that are contributed by the disc is of interest. In this paper, we consider two energy bands, a soft band s and a hard band h. The fraction of observed disc photons in the soft band, xs, is a model parameter which, along with T d,max , can be measured from a spectral fit. The disc fraction in the hard band, x h , can be calculated from xs and the hardness ratio HR (the ratio between counts in the hard and soft band), which can be measured directly from the soft and hard light curves (see Appendix A). Tab. 3 lists all the new model parameters with a short description. We compute the power spectrum of fs(t) and f h (t) (0.5-2.0 keV and 2.0-10 keV, respectively), and the cross-spectrum between fs(t) and f h (t) using the formulae from IK13. Fig. 2a shows soft and hard power spectra produced considering variability generated in both the disc and the hot flow (solid line) and the only hot flow (dashed line). Introducing a propagating region in the disc has two evident effects: 1) the power spectrum consists of two broad band components (double hump power spectrum), a low frequency one generated in the disc and a high frequency one generated in the hot flow; 2) the total power in the disc + hot flow case is higher than the only hot flow case because of extra variability coming from the disc. Due to propagation, the hot flow emission lags the disc emission. Since the disc emits a softer spectrum than the hot flow, we expect disc variability to contribute a hard phase lag (i.e. hard photons lagging soft photons). The amplitude of this phase lag depends on the viscous infall time and on how the disc and hot flow emission are distributed in the soft and hard band. If xs = 1 and x h = 0, the soft band exclusively contains disc emission and the hard band exclusively contains hot flow emission. Therefore the lag between these energy bands is equal to the lag between the two physical components. For xs < 1 and x h > 0, the lag between energy bands is diluted by a contribution by each physical component to both bands. Panels b and c of Fig. 2 show cross-amplitude and phase lag between soft and hard band respectively; for making the plots we set xs = 0.8, x h = 0.5, and we use the response matrix of Swift. In this paper, we adopt the usual convention that a positive phase lag corresponds to the hard band lagging soft. With these assumptions, mass accretion rate fluctuations propagating from the disc produce a clear positive phase lag of ≈ 0.065 cycles in the low frequency hump (see Fig. 2c between ≈ 0.01 and 0.1 Hz).
PROPFLUC outputs
In RIK14 we computed power spectra in a single energy band varying the model parameters related to the hot flow in order to show the relation between canonical multi-Lorentzian fitting parameters and PROPFLUC parameters. Here, we compute soft and hard power spectra, and cross-spectra (implying the phase lags and coherence) between the bands changing the model parameters related to the disc (Tab. 3): the maximum viscous frequency in the disc ν d,max (see Eq. 1), the radial extension of the disc ∆d, the variability produced in every ring of the disc parameterized as fraction of the hot flow variability Nvar, and the maximum temperature in the disc T d,max . We fix all the parameters related to the hot flow, which are already discussed in RIK14: the surface density constant (Σ0 = 6), the smoothly broken power law describing the surface density profile (κ = 3.0, λ = 0.9, ζ = 0), the inner radius (ri = 4.5), the transition radius of the smoothly broken power law (r bw = 7.0), the truncation radius (ro = 20), the fractional variability (Fvar = 0.3), the soft and hard band emissivity indices (γs = 3.0, γ h = 4.5), the BH mass (M = 10M⊙), and the dimensionless spin parameter (a * = 0.5). We compute soft (0.5-2.0 keV) and hard (2.0-10 keV) power spectra, and cross-spectra between soft and hard band, with a Nyquist frequency of 128 Hz, using a model resolution of N dec = 35, fixing the disc fraction in the soft band (xs = 0.9), the hardness ratio (HR = 1.0), and including a main QPO with fixed width, rms, and phase lag (Q = 8, σqpo = 5%, φQP O = 0.1 cycles). We did not include any other QPO harmonic component for simplicity (in Appendix B we describe the details of including the QPO in the new PROPFLUC model). We computed all the timing products taking into account the Swift response matrix and we considered interstellar absorption with a column density of nH = 1.7 × 10 21 atoms/cm 2 . Fig. 4 -5 show the results: every column of plots illustrates the effect of varying the value of one particular parameter. The number between square brackets denotes the value of the parameter used for all the other computations. In all the plots the shape of soft and hard spectra (dashed and solid line, respectively) are different. This is mainly because of the difference between soft and hard emissivity index (γs and γ h , respectively). The left column of Fig. 4 shows that when Nvar = 0 (red line), i.e. excluding disc variability and considering only mass accretion rate fluctuations propagating in the hot flow, the model converges to the single hump power spectrum version described in RIK14. Increasing Nvar, the second, lower-frequency, hump starts being distinguishable in all the Fourier products. The disc variability high and low frequency break are the maximum viscous frequency in the disc ν d,max and ν v,disc (r d ) respectively (where r d = ro + 5∆d). ν d,max and ν v,disc (r d ) are both fixed in this case, so that varying Nvar does not affect the characteristic frequency of the low frequency hump. The phase lags show a different behavior: the peak frequency correlates with Nvar and at low frequency (ν ≈ 0.01 Hz) the phase lags keep the same profile for all the Nvar values. The relation between Nvar and the phase lag profile depends on the function describing the variability in the disc, on the disc temperature profile, and on the selected energy bands. In our case, the amount of variability generated in the disc is described by a Gaussian peaking at the truncation radius, with amplitude proportional to Nvar, and width ∆d (see Appendix A). When we increase Nvar, the variability increases more steeply with smaller radius close to the truncation radius. If we increase ∆d (Fig. 4 , right column) we observe in the power and cross-spectrum that the low frequency hump peak frequency decreases and its profile becomes broader. This is because extending the propagating region towards the edge of the disc, the longer time scale variability contribution becomes more important. For the same reason, increasing ∆d causes the phase lags to increase at lower frequency. The left column of Fig. 5 shows the effects of varying the maximum viscous frequency in the disc (ν d,max ). Varying ν d,max affects the size of the viscous frequency trend discontinuity between the disc and the hot flow (i.e. Fig. 1 ). The bigger this jump the more evident is the two-hump profile. Decreasing ν d,max causes the low frequency hump peak to move to lower frequency. The phase lag peak frequency correlates with ν d,max , as expected. Finally, the right column of Fig. 5 shows the effects of varying the maximum temperature in the disc (T d,max ). Increasing T d,max Phase lag from 0.05 to 0.1 keV has little consequence on the power and cross spectrum, while we see more evident changes when T d,max varies from 0.1 to 0.5 keV. In particular, the frequency of the phase lag peak is larger than the maximum viscous frequency in the disc (ν d,max = 0.1) and it moves to lower frequencies when T d,max increases. This behavior can be explained looking at Fig. 3 . This plot shows the blackbody emission coming from the ring generating 0.1 Hz variability. When the disc temperature is between 0.05 and 0.1 keV, the blackbody emission is almost entirely detected in the soft band. Because a small fraction of photons is still detected in the hard band, the phase lag at 0.1 Hz is a bit lower than its potential maximum (we expect maximum phase lag when the soft band perfectly matches the disc emission, so when xs = 1), so that the phase lag peak appears to be at frequencies larger than 0.1 Hz. Increasing T d,max from 0.1 to 0.5 keV means moving the blackbody peak to higher energies, so that a larger part of the blackbody emission is now detected in the hard band. This means that the 0.1 Hz variability is more diluted when T d,max = 0.5-0.7 keV than for lower temperatures and, as a consequence, we observe phase lag suppression at this frequency (black vertical line in the right column of Fig. 5 ).
OBSERVATIONS AND DATA ANALYSIS
We analyzed data from the X-Ray Telescope (XRT; Burrows et al. 2005 ) on board of the Swift satellite using 5 pointed observations collected between 2010 September 25 and 28 (MJD 55464 -55467, first 5 observations from the beginning of the outburst). The selected observations contain between ≈ 29.6 and ≈ 58.0 ks of data obtained in the Window Timing mode configuration (WT mode), with a time resolution of 1.779 ms. Each observation contains between 1 and 27 Good Time Intervals (GTIs) of ≈ 0.8 − 2.6 ks. The data reduction for X-ray spectral analysis was performed using HEASOFT 6.13. The observations were processed using xrtpipeline and the latest Swift CALDB files. Source and background spectra were generated in the 0.5-10 keV range; exposure maps and response files were created as outlined in Reynolds & Miller (2013) . For every GTI we computed soft (0.5 -2.0 keV) and hard (2.0-10 keV) band light curves following the procedure described in Kalamkar et al. (2013) : we determined the source and the background region on the CCD and we extracted the light curve for both regions as described in Evans et al. (2007) . Each light curve is pile-up corrected. We calculated Leahy-normalized power spectra in the soft and hard band considering 233.19 s data segments in the source light curves, giving a frequency resolution of ≈ 4.3 mHz and a Nyquist frequency of ≈ 281 Hz. Using the same segments, we computed Leahy-normalized and source fractional rms normalized (RMS) cross-spectra between soft and hard band in the following way:
where Fs(ν) (F h (ν)) represents the Fourier amplitude in the soft (hard) band, and Ts (T h ) and Ns (N h ) are total and background photons in the soft (hard) band respectively. Using this definition, when Fs(ν) = F h (ν) = F (ν) the cross-spectrum reduces to the power spectrum with the well known Leahy and RMS normalization (Leahy et al. 1983; van der Klis 1995) . For every GTI, Leahy power spectra and cross-spectra were averaged, Poisson noise subtracted estimating the noise level from the power and cross amplitude between 70 and 100 Hz (where no source variability is observed), and finally renormalized to source fractional rms normalization. For every GTI and energy band, we computed total and background count rate (T and N ) from the source and the background light curve, respectively. We fitted the energy spectra extracted from every GTI in the full energy band with the model phabs(diskbb+comptt) (Mitsuda et al. 1984; Titarchuk 1994) maximum disc temperature in the disc (T d,max ).
RESULTS
We fit our model simultaneously to the soft and hard band (0.5-2 keV and 2-10 keV, respectively) power spectrum, and the crossspectrum between these two energy bands, for the 5 pointed Swift observations described in the previous section. We perform fits to the real and imaginary parts of the cross-spectrum, since this has statistically favorable properties, but plot in terms of amplitude and phase, which is more intuitive. These observations display enhanced low frequency variability in their power spectra, which Kalamkar et al. (2015a) suggested may result from disc variability. However, MAXI J1659-152 displays absorption dips which may influence the low frequency variability properties (Kuulkers et al. 2013) . In this section, we first investigate these absorption dips before using PROPFLUC to determine if the low frequency variability in these observations can originate from propagating fluctuations in the disc.
Dip and no-dip regions
The MAXI J1659-152 2011 outburst light curve shows two types of peculiar intensity variations: absorption dips and transition dips (Kuulkers et al. 2013 ). The first kind of dips, the absorption dips, is observed at day 0.3 up to day 8.2 from the beginning of the outburst (MJD 55464), the second kind of dips, the transition (Kuulkers et al. 2013) or "flip-flop" (Kalamkar et al. 2011 ) dips, are observed sporadically from day 23.7, so they are not included in the time period we analyzed. The depth of the absorption dips is between about 50% and 90% the average out-of-dip interval intensity. During these dips, the source hardens, and the deeper the dip the stronger the hardening. The dips become shallower as the source intensity increases along the outburst. The dip occurrence can be explained with the presence of some absorber in the disc that periodically obscures emission along the line of sight. This period is associated with the orbital period of the binary, which allowed Kuulkers et al. (2013) to estimate with high precision the period of the system (2.414 ± 0.005 hrs) and to estimate lower and upper limit values for the disc inclination (≈ 65
• and 80
• , respectively). The XRT observations of MAXI J1659-152 we analyzed clearly show this dipping behavior. Fig. 6 shows the light curve of the fourth observation from the beginning of the outburst (ObsID: 00434928003, starting at MJD 55466), each point in the plot represents the count rate in the full band (0.5 -10.0 keV) averaged over a 233.19 s time interval (the same segment we used to compute timing analysis products). This observation consists of 9 GTIs (blue and red ellipses in the plot) and some of them are characterized by an intensity drop (blue ellipses). The light curve of the source during the dips is characterized by strong ∼ 100 s time scale variability, so that averaged power spectra of GTIs including dips show extra low frequency noise between ∼ 0.01 and ∼ 0.1 Hz (see Fig. 7 ). This extra low frequency variability may be due to fluctuations in the absorbing material. In any case, it is not intrinsic to the accretion flow, since it is only present during the absorption dips. For this reason, we excluded GTIs including dips from every observation, leaving a deeper analysis on comparison between spectral and timing properties of dip and no-dip regions to future work. The power spectra of MAXI J1659-152 in the no-dip regions are still characterized by different broad power spectral components: a low frequency component between ∼ 0.1 and 1 Hz and a main hump with characteristic frequency between ∼ 1 and 5 Hz (power spectral components referred as "break" and "hump" in Kalamkar et al. 2015a, respectively) . This low frequency hump in the out-of-dip power spectrum may be driven by disc variability, with the high frequency hump generated in the flow. Before testing this hypothesis in the next section, we first consider if, instead, even the ∼ 0.1-1 Hz hump results from residual dipping activity that we have not been able to "weed out" with our GTI selections. If this were the case, the soft band would be more variable than the hard band (as during the dips), as changes in the column density of the absorbing material affect predominantly the soft X-rays. Fig. 8 shows the fractional rms amplitude computed in three different frequency bands for every single no-dip GTI selected in our analysis in the soft and hard band. Looking at the variability amplitude between 0.1 and 10 Hz (Fig. 8 top and middle panel) , we notice that it is always larger in the hard band. This excludes absorption mechanisms as the origin of the "break" and "hump" component. We notice that the 1 st and 2 nd no-dip GTIs show extra low frequency (< 0.1 Hz) variability (first two points in Fig. 8 , bottom panel). Because this variability is larger in the soft band, it is still possibly due to some residual absorption dip in the selected GTI. The presence of extra low frequency variability due to the dips can influence our test on the hypothesis of mass accretion rate fluctuations coming from the disc, for this reason any consideration regarding these two GTIs has to be handled with care.
A soft low-frequency QPO detected in GTI1
We report the detection of a significant QPO (4.22σ) in the soft power spectrum of the first observation (GTI1, see Fig. 9 ). We obtained the QPO characteristics by multi-Lorentzian fit (Belloni, Psaltis & van der Klis 2002) : rms = 7.33 ± 0.80%, coherence Q = 2.27 ± 0.92, and νmax = 0.018 ± 0.001Hz. The feature is similar to the 11 mHz QPO observed in two RXTE observations (2-60 keV) of the BH candidate H1743-322 by Altamirano & Strohmayer (2012) .
PROPFLUC fits
We fitted logarithmically binned data points in the frequency range 0.004-70 Hz, using the same resolution for data and model. For every observation we fitted simultaneously the soft and hard spectrum, and the cross-spectrum between the two energy bands using N dec = 35 for all the fits. A minimum of 30 rings is required to avoid interference patterns at high frequency (IK13) and we confirmed experimentally that a higher radial resolution did not produce any significant difference in χ 2 red . We combined the QPO with the broad band variability by addition (instead of multiplication, see IK13 and Appendix B). For all the fits we fixed the surface density profile in the hot flow (the parameters ζ, γ, and λ), the transition radius of the smoothly broken power law r bw , the emissivity in the soft and hard band (γs, γ h ), the mass M, and the dimensionless spin parameter of the BH a * . In our analysis we used the Swift Redistribution Matrix File and Ancillary Response File closest to our data and we considered a column density of nH = 1.7 × 10 21 atoms/cm 2 (Kalberla et al. 2005) . For fitting the low frequency hump we fixed ∆d to 35 corresponding to r d ≈ 235 assuming ro ≈ 60 (the largest ro value fitted in the observations we analyzed). In Sec. 2.2 we showed how the radial extent of the disc affects both the frequency and the integrated power of the low frequency hump, so that in general ν Figure 10 . Example of joint fit of the 5 th observation (GTI11). Fits are performed on the hard and soft power spectrum (1 st column), and on the real and imaginary part of the cross-spectrum (2 nd column). The 3 rd column shows the cross-spectrum represented in terms of amplitude and the phase lag, rather than real and imaginary parts.
interpreted involving ∆d changes. The choice of fixing ∆d can be justified considering that larger ∆d values would produce a broader low frequency component than the one observed in the data and ν d,max values closer to or even larger than the viscous frequency in the hot flow at the truncation radius ν v,f low (ro). This last configuration is not consistent with the double hump model assumptions which: 1) imply a discontinuity in the physical properties of the entire accreting region at the truncation radius (so a "jump" of the viscous frequency at ro), and 2) imply that the characteristic time scale of the variability originating in the hot flow is shorter than in the disc. We computed the hardness ratio HR dividing hard by soft background subtracted photon counts, and the disc fraction in the soft band xs from spectral fitting. The free fit parameters are the surface density normalization constant Σ0, the fractional variability in the hot flow Fvar, the truncation radius ro, the rms and phase lag of the main QPO, second, and eventually third and sub-harmonic (σqpo, σqpo2, σqpo3, σ sub and φqpo, φqpo2, φqpo3, φ sub respectively) in both soft and hard band, the variability in the disc as a fraction of the hot flow variability Nvar, and the maximum viscous frequency in the disc ν d,max . Fig. 10 shows the simultaneous PROPFLUC fit of the soft and hard power, and the cross-spectrum of the fifth observation (in particular, we plot the hard and soft power spectrum, the real and imaginary part of the cross-spectrum, the cross-spectrum, and the phase lag). The best fit parameters are reported in Tab. 1, and Fig. 11 shows the evolution of the free model parameters with time (black points). For simplicity, we labeled with integers from 1 to 11 the no-dip GTIs we filtered from the 5 selected pointed Swift observations (Fig. 11  panel a, c, and e) . From GTI 1 to 11, Σ0 increases from ≈ 2.8 to ≈ 4.2. This increasing trend is not continuous, there are 3 dips (values smaller than the contiguous observations) at GTI 2, 4 and 7, and 3 local peaks at GTI 3, 5, and 8. The truncation radius ro shows a clear smooth decreasing trend from ≈ 60 to 20, indicating an average truncation radius recession speed of about 0.6 Rg/h (≈ 9 km/h). The fractional variability Fvar shows a smooth decreasing trend between GTI 1 and 11 (from ≈ 35% to 28%) interrupted by values smaller than average (≈ 17-26%) between GTI 5 and 8. Panels d and e in Fig. 11 show the evolution of the model parameters related to the low frequency hump, empty symbols represent upper limits (3σ confidence level). Nvar varies around ≈ 0.2 and 0.5 in GTI 1-4 and 9-11, respectively. Between GTI 5 and 8, Nvar is characterized by larger values (≈ 0.8-1.3), in particular it shows an increasing trend between GTI 6 and 8. The maximum viscous frequency in the disc ν d,max shows an evolution similar to Nvar with a general increasing trend (from ≈ 0.07 to 1.23 Hz) and higher values than average between GTI 5 and 8. Soft / Hard Figure 9 . Soft (red) and hard (blue) power spectrum of the first GTI. This GTI is characterized by extra low frequency variability in the soft band, the reason of this extra variability is the presence of a soft low-frequency QPO at 0.018 Hz.
DISCUSSION

Double hump and single hump power spectrum
In this study, we presented a new version of the PROPFLUC model that can produce a two-hump power spectrum, where the main hump originates because of mass accretion rate fluctuations propagating through the hot flow (as described in ID12, IK13, RIK14) and an additional low frequency hump is produced by fluctuations propagating from the thermal varying disc into the hot flow. Assuming a photon emission mechanism for the hot flow and the disc, we calculated power spectra and cross-spectra between two energy bands (Sec. 2). We used this model to study 5 observations of the BH MAXI J1659-152 during its 2010 outburst using Swift data. We measured the spectral parameters required as input by the model by spectral fits, and we fitted soft and hard band power spectra, and cross-spectra simultaneously with both the single and the double hump PROPFLUC version. In a single hump power spectrum, mass accretion rate fluctuations generated and propagating in the hot flow are the only variability source. In a double hump power spectrum, variability is generated both in the hot flow and in the disc, so that the way the total variability power is distributed between low frequency and main hump depends both on the hot flow and disc characteristics. If a low frequency component is present in the power spectrum, we expect the peak of the main hump in the two-hump model to be shifted to higher frequency relative to the single hump model (i.e., when the low frequency component is not taken into account). The grey points in Fig. 11a and c are the best fit parameter values obtained using a single hump power spectrum. We find that both Σ0 and Fvar from single hump fit are different compared to the double hump fit results, in particular the single hump Σ0 values are larger for all the GTIs. Fig. 11f shows the F probability for every pair of fits, i.e., the probability that the χ 2 improvement when using the double hump model is due to statistical fluctuations. Low probability indicates that the double hump model gives a better fit than the single hump . PROPFLUC best fit parameters versus time (black points). All the points were plotted with 1σ error bars. Grey points correspond to single hump best fit parameters (fit results excluding the disc propagating region). The filtered GTIs are indicated with integers from 1 to 11 (symbols in panels a, c, and e). Panel f indicates the F probability related to a single hump fit.
model. PF exceeds 10% only in 3 cases (GTI 1, 3, and 4), for all the other GTIs the use of the additional hump originating in the disc is statistically justified. So, the double hump model fits significantly better than the single hump one, but the fits are not formally acceptable (see Tab. 1 at reduced χ 2 values of ≈ 1.3 -1.5). Given that in this first-ever attempt to quantitatively model power and cross-spectra jointly our model reproduces most of the overall characteristics of the data, it seems useful to discuss the evolution of the source in terms of the model physical parameters, but we note that any interpretation of the parameter evolution has to be handled with care.
Evolution of the physical parameters
Contrary to the case with previous applications of the model (ID12, RIK14), the fractional variability shows in general a decreasing trend. For a fixed ring, Σ0 is proportional to the surface density profile divided by mass accretion rate (RIK14), so that, assuming a constant surface density per ring, Σ0 can trace variations in mass accretion rate. Even if Σ0 shows a general increasing trend from GTI 1 to 11, the several dips and peaks in its trend suggest a variable accretion regime, in particular between GTI 7 and 10. We did not detect a significant lag associated with the low frequency component. This may seem surprising if the process generating the broad band noise is mass accretion rate fluctuations propagating through the accreting flow. In a propagating fluctuations model the amplitude of the lag between two energy bands depends on the radial extension of the propagating region, on the difference between the emissivity profiles, and on the propagation time scale of the fluctuations (Nowak et al. 1999b; Kotov et al. 2001; Arevalo & Uttley 2006 ). In our model, the propagation time is set by the local viscous time scale, that is equal to the characteristic time scale of the variability produced in every ring. So, the main PROPFLUC parameters affecting the amplitude of the phase lag are γs and γ h (fixed in our fit), and T d,max , xs, and HR (estimated by spectral fitting and measuring the photon counts in the soft and hard bands, see Fig. 13 ). In Sec. 2.2 we showed that for xs = 0.9 and HR = 1, PROPFLUC predicts ≈ 0.1 cycle phase lags in the low frequency hump. In all our observations xs < 0.63 and HR < 0.7, leading to predicted phase lags smaller than 0.1 cycles. Such lags are not detectable in our data. So, the absence of phase lags in the low frequency hump does not exclude the hypothesis of propagating mass accretion rate fluctuations and it is consistent with PROPFLUC predictions for this case. However, because of this lack of additional information, we can not completely remove the degeneracy between the model parameters, especially those related to the radial extension of low frequency hump and affecting the lag profile (∆d, Nvar, ν d,max ).
Mass accretion rate from spectral and timing analysis
It is possible to compute two independent estimates of the truncation radius ro from timing and spectral analysis, respectively. In the PROPFLUC fits ro mainly depends on the QPO frequency; we can also compute ro from spectral fits using the DISKBB model normalization , the distance d, and the inclination of the accreting disc to the line of sight
2 cos(θ)). Fig. 12a shows the truncation radius computed using both PROPFLUC (black dashed line) and spectral fit (yellow solid line). For computing the last one we used d = 8.6 ± 3.7 kpc and θ = 72.5 Kuulkers et al. 2013) . The absolute values shown in the plot have to be handled with care: the QPO frequency depends not only on ro, but also on the hot flow structure (r bw , λ, ζ, κ), on the hot flow inner boundary ri, on the spin, and on the mass of the BH; the estimation of ro via the DISKBB normalization needs to be corrected because of possible deviation of the emitting region from pure blackbody behavior (Merloni, Fabian, & Ross 2000) , and general relativistic effects (e.g. Ebisawa et al. 1994) . However, ro values obtained in these two ways are the same within a factor of 2, and, in general, show the same decreasing trend. The main difference between the two is that ro from PROPFLUC fit is characterized by a smooth decreasing trend, while ro from spectral fit shows a more irregular behavior with a local peak in GTI 8-9. From the truncation radius and the maximum temperature in the disc, it is possible to compute the mass accretion rateṀ (Frank, King, & Raine 2002) 
Similarly to Fig. 12a , Fig. 12b showsṀ computed from the PROPFLUC ro (hereafterṀprop) and the spectral fit ro measurement (hereafterṀspec).Ṁspec is almost constant whileṀprop shows an increasing trend with a peak at GTI 7 followed by a dip in GTIs 8-9. This difference is because T d,max and DISKBB normalization variations compensate each other, while the decreasing ro trend obtained from timing analysis is smooth, so that the resultinġ Mprop varies similarly to T d,max (Fig. 13b ). Looking at luminosity variations (Fig. 13a) ,Ṁprop is in agreement with the increasing trend in count rate. It is also interesting to compare the jump followed by the dip inṀprop between GTIs 6 and 10 with similar features over the same GTIs in Σ0, Fvar, Nvar, and ν d,max ( Fig.  11 ; we note that these are PROPFLUC parameters independent from spectral fit parameters). The peak and the following dip in mass accretion rate rate at GTI 7 and 8-9 respectively are consistent with Σ0 variations: higherṀprop values correspond to lower Σ0 values, and vice versa. The relation betweenṀprop and Fvar, Nvar, and ν d,max is more difficult to interpret. We may speculate that the jump inṀ at GTI 7 (triggered by some instability) may have stirred up extra variability in the disc and in the flow (increasing Nvar and Fvar) and will have increased the viscous frequency in the disc (since νv ∝Ṁ though mass conservation). The dip iṅ Mprop (GTI 8) then follows as the supply of material is depleted, leading to the corresponding dips seen in Fvar (GTI 8), and in Nvar and ν d,max with a GTI of delay (the material closer to the BH is depleted faster). Because of the jump inṀ we would also expect some variation in the average decreasing rate of ro. Indeed, in a truncated disc geometry the radial dimension of the hot flow [days
❍ 10 ❍ 11 Figure 14 . The black points represent the average ro decreasing rate between couples of GTIs (indicated with symbols in the same way of previous Fig.s) depends on mass accretion rate, and when mass accretion rate increases (rising part of the outburst), ro moves in. Fig. 14 shows the rate of ro decrease for all the observations considered in our analysis. Between GTI 5 and 6 ro decreases faster than average, while between GTI 7 and 8 it decreases slower than average. This behavior is consistent with the mass accretion rate variations described above.
The absorption dips
In our study of MAXI J1659-152 we excluded time intervals characterized by absorption dips (see Sec. 4.1). Power spectra computed including dip-regions show strong low frequency noise (∼ 0.01 Hz). This additional noise component was identified as "lfn" in the Kalamkar et al. (2015a) timing analysis of the source. In their study, it was proposed that the characteristics of the < 0.1 Hz "lfn" component during the outburst could be explained with variability arising in the disc and propagating into the hot flow. Here, we exclude this possibility for the observations we analyzed mainly because the "lfn" component is strongly coupled with the periodic absorption dips in the light curve (Sec. 4.1). Contrary to the case of the "lfn", the rms amplitude in the 0.1 -10 Hz frequency band (Fig. 8, top and middle panel) is always larger in the hard band. For this reason the components identified as "break" and "hump" in Kalamkar et al. (2015a) (with characteristic frequency between ∼ 0.1 and ∼ 5 Hz in our observation sample), can not have been produced by varying absorption. In our fit with PROPFLUC, the "break" and "hump" components are associated to the disc and the hot flow, respectively.
CONCLUSIONS
We applied the double hump model PROPFLUC to investigate the HIMS of MAXI J1659-152 using Swift data. In the model, low frequency broad band components are interpreted as the result of mass accretion rate fluctuations arising in the disc and propagating towards the BH through the hot precessing flow. This double hump model was statistically preferred to a single hump model for most of the GTIs analyzed. In our analysis we detected only small phase lag associated with the low frequency variability, however model predictions are consistent with the data. Using both spectral and timing analysis we estimated recessing trend in truncation radius, and from that we inferred the mass accretion rate. Considering the truncation radius estimate from the PROPFLUC fit and the maximum temperature in the disc (spectral fit parameter), we found a peak in the average increasing mass accretion rate trend that matches the variability properties of the accreting system (the amount of variability generated and the viscous frequency in the disc and in the flow). Considering the truncation radius estimate from spectral fit, would have lead to an almost constant mass accretion rate, in contrast to observations (the total counts increase almost linearly in our observation sample). Our analysis constitutes the first joint fitting of compact object cross-spectra and power spectra with a single self-consistent physical model. 
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APPENDIX A: NEW PROPFLUC FORMALISM
In the hot flow the viscous frequency is described by a smoothly broken power-law, in the disc we assume the following profile (Shakura & Sunyaev 1973) :
where ν d,max , the maximum viscous frequency in the disc, is a model parameter. We assume the amount of variability generated per radial decade in the hot flow to be constant (ID11, ID12, RIK14), while in the disc it follows a Gaussian profile peaking at the truncation radius ro:
where the model parameters Nvar and ∆d govern amplitude of disc variability and radial extension of the varying disc respectively. In particular, considering that σ0 = Fvar/ √ N dec , Nvar estimates the amount of variability generated in the disc per radial decade as a fraction of the flow fractional variability Fvar. When Nvar = 1, the variability produced in the innermost ring of the disc is equal to the variability produced in the outermost ring of the hot flow. If the variability produced in the hot flow is larger than in the disc, it follows that Nvar < 1. As described in IK13, the flux observed in some energy band can be written in the following way:
where the subscript h indicates the hard band (so that f h (t) is the flux observed in the hard band),ṁ(rj, t) represents the mass accretion rate fluctuations in the ring rj, h(rj) is the number of photons coming from the ring rj and detected in the hard band, and N is the total number of rings (disc plus hot flow rings). From the flux, we can compute the power spectrum in the hard band:
here we adopt the convention that lower case and capital letters indicate time series and Fourier transforms respectively (unless specified differently), and the symbol * stands for complex conjugation. The weighting factors h(rj) depend on how many photons are detected in a selected energy band, so on photons emitted and on the instrument response. The general expression for h(rj) factors is the following:
where Q(r, I) represents the photon counts measured from ring r by our detector in the I th energy channel, Imin and Imax are the boundaries of the channel range selected, A(r, E) is the spectrum emitted from the radial bin centered at r (photons per unit time, unit energy, and unit telescope collecting area), Ma(E) is the dimensionless absorption model, and RD(I, E) is the response of the detecting instrument. In the new version of PROPFLUC, we assume that the spectrum emitted from a certain radius r in the disc is a blackbody with temperature T (r) = Tmax(r/ro) −3/4 (Shakura & Sunyaev 1973) . With this assumption, A(r, E) is given by the Planck function. In the absence of a full model for the spectrum emitted by the flow, we parametrize the weighting factors in the following way (IK13):
where γ h is the emissivity index for the hard energy band, and Σ(r) is the surface density in the flow. The h(r) values described so far have an arbitrary normalization, but in order to compare PROPFLUC computations with real data, we need to include some other parameter taking into account the spectral characteristics of the source. Considering two energy bands, soft and hard (s and h respectively), we define the disc fraction in the soft band xs as the fraction of total photons in the soft band that comes from the disc. xs is a model parameter and can be estimated from spectral fitting. From xs and the hardness ratio HR (the ratio between hard and soft photon counts), it is possible to compute the disc fraction in the hard band.
where
Using the disc fraction in the hard band it is possible to normalize the h(r) values of Eq. A5 and Eq. A5:
if rn is in the hot flow (A8) whereh (r) indicated the normalized counts in the hard band. Analogous equations for the soft band can be obtained by exchanging h with s.
APPENDIX B: INCLUDING THE QPO
PROPFLUC assumes that the entire hot flow precesses because of frame dragging close to the BH. The precession of the hot flow modulates the emission producing a QPO in the power spectrum and, as described in ID11, ID12, and RIK14, the centroid frequency of the QPO depends both on the radial dimension of the hot flow and on its surface density profile. Modulation occurs mainly through two mechanisms: variation of the projected area of the hot flow towards the line of sight, and variations of the rate at which seed photons coming from the disc enter the hot flow and Compton up-scatter in the optically thin plasma (ID11, ID12, IK13). We can approximate the former case by multiplying the broad band noise time series with a time series representing the QPO. This is because the observed flux is ∼ L(t)Ω(t), where L(t) is the intrinsic luminosity, which contains the broad band noise, and Ω(t) is the solid angle subtended by the flow, which is varying quasi-periodically. We can approximate the latter case by adding the broad band noise and QPO time series, since an increase in seed photons adds to the total luminosity available for the hot flow to re-emit. If we make the simplifying assumption that the QPO and broad band noise time series are not correlated with one another and, for the additive case, that the mean of the QPO time series is zero, we can calculate the resulting power spectrum for both cases analytically (IK13). Now we are fitting also to the cross-spectrum, we must consider how to treat lags intrinsic to the QPO signal. We can define soft and hard band QPO signals, qs(t) and q h (t), with Fourier transforms Qs(ν) and Q h (ν) respectively, such that the cross-spectrum of the QPO signals is Q * s (ν)Q h (ν) = |Qs(ν)||Q h (ν)|e iφ(ν) (where φ(ν) is the lag between the soft and hard energy band at frequency ν). For the additive case, the total flux observed in the soft band is ftot,s(t) = fs(t) + qs(t) (with a similar expression for the hard band). Using the above assumptions, the cross-spectrum of the total flux is: 
where we consider a total of 4 harmonics (k = 1-4), one being a sub-harmonic (k = 4). We then need to make an assumption for the form of the phase, φ(ν). The simplest treatment is to also break φ(ν) down into harmonics so that we can specify only one model parameter per harmonic, φ k , in order to characterize the QPO phase lags, rather than an entire (unknown) function, φ(ν). Eq. B2 follows from this because, at the peak frequency of one harmonic in the soft band, the power in all the other harmonics in the hard band is very low (and vice versa). In the additive case, the cross-spectrum becomes:
and we can fit features in the cross-spectrum attributable to the QPO using only one parameter for QPO phase per non-zero harmonic. Note that Eq. B3 is the equivalent of fitting the real and imaginary part of the cross-spectrum with our broad band noise model plus a sum of Lorentzian functions representing the QPO, with the centroid and widths tied between real and imaginary parts, but with the Lorentzian normalizations free to be different between real and imaginary parts. This is a favorable treatment, since it is the simplest possible way of accounting for phase lags contributed by the QPO, and it is the treatment we adopt in this paper. If we were to instead consider the multiplicative case, equation B3 picks up an extra term, becoming:
Here, the ⊗ denotes a convolution, and we employ the convention from IK13 that a tilde signifies zero mean in time space and a zero ν = 0 component in Fourier space (i.e.x(t) = x(t) − x(t) orX(ν) = X(ν) − X(0)δ(ν)). Because of the convolution, the third term in this equation can be fairly broad in Fourier space. Therefore the parameters φ k can have an influence on frequencies in the cross-spectrum not dominated by the QPO signal. This is best avoided, since our assumptions regarding the QPO are rather ad hoc. We note, however, that the first and second terms in Eq. B4 have amplitudes of ∼ σ 2 bbn (the fractional variability amplitude of the broad band noise) and ∼ σ 2 qpo (the fractional variability of the QPO) respectively, whereas the amplitude of the problematic third term is σ 2 bbn σ 2 qpo . Since σ bbn and σqpo are both ∼ 0.1, the third term is small compared to the other terms and so the additive and multiplicative cases are reasonably similar to one another. Table 1 . Best fit PROPFLUC parameters (double hump). Errors correspond to 1σ confidence level. The subscripts s and h correspond to soft and hard band respectively. The symbol ∼ means that the parameter is fixed at the value in column 2 for all the GTIs, the symbol -means that the component did not significantly improve the χ 2 and was omitted, and the symbol ↑ indicates 3σ upper limit (see GTI4). The last row shows the F probability relative to a single hump fit. 
